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1. Introduction
As part of his extension of Ep theory to multiply connected domains M. Heins proved the following (unpublished) lemma
for a positive function u with a subharmonic logarithm in the annulus {ρ < |z| < 1}.
PL Lemma. The greatest lower bound of
∫
γ u(z) |dz| over rectiﬁable curves tending to |z| = 1, in the sense of Hausdorff distance, is
achieved along the circles |z| = r.
The problem of ﬁnding this bound for positive harmonic and subharmonic functions in a disc was studied by J.M. Wu
[7]. These works lead to the deﬁnition below.
Deﬁnition. Let u be a positive function deﬁned on a simply connected Dirichlet domain Ω ⊂ Rm+1+ , and Aδ ={q ∈ Ω: dist(q, ∂Ω) < δ}. The inferior mean of u is
IM(u) = lim
δ→0 infγ⊂Aδ
∫
γ
u(q)dγ , (1.1.1)
where continuous piecewise smooth hypersurfaces γ separate boundaries of Aδ .
Sharp bounds of IM were obtained in [7,4], for the class of positive harmonic functions u ∈ h1(Ω) when Ω is the unit
ball or half-space in Rm+1.
ωm+1
πωm
μ(∂Ω) IM(u)μ(∂Ω). (1.1.2)
Here u is normalized by the reciprocal the surface area ωm of the unit sphere Sm in Rm+1 and μ is its boundary measure.
The upper bound of IM is achieved along the level surfaces for absolutely continuous boundary measures. The lower bound
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glued to a level surface (Fig. 1). The term inferior mean refers to the ball case where μ(∂Ω) is the mean value of u.
Except for the result of J.M. Wu [7] stated in Corollary 1, there is not much known about singular continuous measures in
relation to IM, particularly Cantor measures on Cantor sets of constant porosity. Such sets, K , are deﬁned by taking middle
thirds out of the unit interval of constant ratio (porosity) α. After n times one obtains Qn , a union of 2n closed intervals of
side length ( 1−α2 )
n . Then K =⋂ Qn .
We obtain two upper bounds of IM for functions in the harmonic Hardy space h1(Rm+1+ ) having probability boundary
measures on the Cartesian product, Km: IM < 1−bατ for any α (Theorems 4, 5) and IM < ωm+1πωm + c(1−α)
2m+2
m+3 for α near 1
(Theorem 1). Constants b, τ , c > 0 depend on m only, τ = 1 in R2.
The two lower bounds are for functions in h1(R2+): IM > 2π + c(α) for any α (Theorem 3) and IM > 2π + 1−α2500 for α near 1
(Theorem 2). With the upper bounds that is 2π < IM(u) < 1 for any function u ∈ h1(R2+) whose Cantor boundary measure
lies on a set K of porosity α. If α ≈ 1, the inferior mean of u is 2π + O (1− α).
2. Poisson kernel, Cantor set and measure
A harmonic function u in h1+(Ω) is the Poisson–Stieltjes integral of a ﬁnite positive Borel measure μ on ∂Ω (Herglotz
representation). If Ω = Rm+1+ this integral is
u(z) = 1
ωm
∫
∂Ω
P (z, p)dμ(p) = 1
ωm
∫
Rm
2dist(z, Rm)
|z − p|m+1 dμ(p). (2.1.1)
Background for the harmonic Hardy spaces hp can be found in [1–3,5,6].
In local polar coordinates where r = |z − p|, the ﬁrst spherical angle φ1 is measured from the normal vector at p ∈ ∂Ω
to ∂Ω . The non-normalized Poisson kernel is
P (z, p) = 2cosφ1
rm
. (2.1.2)
The Cantor set K =⋂∞n=0⋃2nj=1  jn is constructed as follows. For 10 = [0,1], at the n-th step of the construction open arcs
G jn = Gn are removed from the middle of  jn = n creating porosity sequence αn = |Gn||n| . A constant sequence αn = α is
called porosity of K . We say a Cantor set is sparse if α ≈ 1 and dense if α ≈ 0. Cantor probability measure is deﬁned by
μ(
j
n) = 2−n , j = 1, . . . ,2n . Observe that
|Gn| = α|n|, and with η = 1− α,
|n| = η
2
|n−1|, |n+1| = η
2
4
|n−1|, |n+2| = η
3
8
|n−1|. (2.1.3)
In Ω = Rm+1+ we will use the Cartesian product Km ⊂ ∂Ω . The probability boundary measure on Km is the product of
1-dimensional Cantor measures.
3. Upper estimates for sparse Cantor sets
A surface lemma [4, §2] allows us to obtain asymptotically sharp upper bounds of IM for sparse sets in all Rm+1+ . First
we recall a few facts about polar coordinates.
3.1. Spherical transformation
Let z ∈ Rm+1+ = R+ × Rm . The Cartesian coordinates of z are (x0, x) where x0 ∈ R+ and x = (x1, . . . , xm) ∈ Rm . Note that
x0 = dist(z, ∂Ω). The local polar (spherical) coordinates have the origin at p ∈ Rm , spherical radius r = |z − p| and the ﬁrst
spherical angle φ1 ∈ [0, π2 ) measured from R+ to z − p. The other spherical angles lie in Rm and have the following range:
φi ∈ [0,π ], 1< i <m, φm ∈ [0,2π ].
Deﬁne Λi by Λ0 = 1, Λi =∏ij=1 sinφ j . The spherical transformation is
xk = rvk = rΛk cosφk+1, k = 0, . . . ,m − 1, and xm = rvm = rΛm. (3.1.1)
The derivatives of vk = Λk cosφk+1 will be used in the next theorem.
∂vk
∂φi
= Λi−1ak, |ak| 1 with ak = 0 for k < i − 1. (3.1.2)
The surface lemma [4] computes the volume element of a smooth hypersurface γ in polar coordinates when γ is locally
given by an equation r = r(φ1, . . . , φm).
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Fig. 2.
dγ (z) =
√√√√1+ m∑
i=1
r2φi
r2Λ2i−1
rm dSm. (3.1.3)
3.2. Theorem 1
Theorem 1. Let a positive harmonic function u be deﬁned on Rm+1+ by the Cantor measure on a Cantor set Km ⊂ ∂Ω . Let K have
porosity α > 1− 1
4m+1 . There exists a constant c(m) so that
IM(u) <
ωm+1
πωm
+ c(m)(1− α) 2m+2m+3 .
Proof. We will show that for any δ < η and a hyper-surface γ ⊂ Aδ as in Fig. 1,
∫
γ P (z, p) |dz| < ωm+1π + Bη
2m+2
m+3 , where B
depends on m only.
The surfaces γ has two components glued together: 2nm spherical cups that were obtained from spheres of radius R
about the centers of m-dim cubes (n)m cut off by a hyperplane {x0 = ε} and the complement of the spheres in that
hyperplane.
For some positive σ < 1 to be determined, we take
R = |n|
ησ
and ε = |n|2. (3.2.1)
It has to be assumed that n 4 is large enough to have R  δ. For a ﬁxed p ∈ Km ⊂ ∂Ω , denote by γp the spherical cup in
Ω right above p, by γ1 an arbitrary cup at distance ≈ |Gn−1| (of which there are 2m −1), by γ2 an arbitrary cup at distance
≈ |Gn−2| (of which there are 4m − 2m). We denote an arbitrary cup at a greater distance by γd .
With the origin at its center, the cup γp is given by the equation (see Fig. 2):
x20 + |x|2 = R2.
Let (x, p) denote the scalar product in Rm . Then r = |z − p| satisﬁes the equation
r2 = x20 + |x− p|2 = x20 + |x|2 − 2(x, p) + |p|2 = R2 + |p|2 − 2(x, p).
In spherical coordinates (x, p) = r∑mk=1 vkpk = r(v, p). Thus
r2 + 2r(v, p) = R2 + |p|2. (3.2.2)
With (3.1.2) in mind, differentiation of the last display yields∣∣∣∣ ∂r∂φi
∣∣∣∣= r
∣∣∣∣
∑m
k=1
∂vk
∂φi
pk
r + (v, p)
∣∣∣∣= rΛi−1
∣∣∣∣
∑m
k=1 akpk
r + (v, p)
∣∣∣∣. (3.2.3)
The triangle inequality, R − |p| < r < R + |p|, and (3.2.2) imply
r2 + 2r(v, p) > R2 − |p|2 > r(R − |p|).
In particular, r + (v, p) > R − |p|. Since |p| 
√
m|n|
2  R = |n|/η, Eqs. (3.2.3) produce the uniform estimates of the
derivatives.
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∂r
∂φi
rΛi−1
∣∣∣∣<
√
m|p|
R − |p| <
2
√
m|p|
R
 2
√
m|n|/2
|n|/ησ =
√
mησ . (3.2.4)
Using (2.1.2) and (3.1.3) we write the integral of the Poisson kernel over γp in local polar coordinates with the origin at p:
∫
γp
P (z, p)dγp(z) =
∫
γp
2cosφ1
rm
√√√√1+ m∑
i=1
r2φi
r2Λ2i−1
rm dSm.
Then
√
1+ c < 1+ c2 and (3.2.4) in the above display give us the ﬁrst estimate.∫
γp
P (z, p)dγp(z) <
(
1+ mη
2σ
2
)∫
Sm+
2cosφ1 dS
m = ωm+1
π
(
1+ m
2
η2σ
)
. (3.2.5)
The integral of P on γ \ γp is O (η2σ ). Indeed, on γ1 from (2.1.3) and (3.2.1) one has
|z − p| > |Gn−1| − R = |n|(2α − η
1−σ )
η
>
|n|(2α − 1)
η
,
which leads to∫
⋃
γ1
2dist(z, ∂Ω)dγ
|z − p|m+1 <
(2m − 1)2R ωm2 Rm
(|Gn−1| − R)m+1 <
(2m − 1)ωm
(2α − 1)m+1 η
(1+m)(1−σ ).
On γ2, the distance |z − p| > |Gn−2| − R = |n|(4α−η2−σ )η2 > |n |(4α−η)η2 , yields∫
⋃
γ2
2dist(z, ∂Ω)dγ
|z − p|m+1 <
4mωmηm+1η(1+m)(1−σ )
(4α − η)m+1 
ωm
10
η(1+m)(1−σ ).
With 2α − 1> 78 the sum of the last two displays gives us the second estimate.∫
(
⋃
γ1)∪(⋃γ2)
2dist(z, ∂Ω)dγ
|z − p|m+1 <
(2m − 910 )ωm
(7/8)m+1
η(1+m)(1−σ ). (3.2.6)
To balance (3.2.6) with (3.2.5) we solve (m+ 1)(1− σ) = 2σ and obtain σ = m+1m+3 .
A cup γd is given by equation x20 +
∑m
i=1 |xi − cid|2 = R2. Its volume element is
dγ =
√√√√1+ m∑
i=1
∣∣xi − cid∣∣2/x20 dx = Rx0 dx.
For z ∈ γd, distance |z − p| > |x− p| > |Gn−3| − R = |n |(8α−η
3−σ )
η3
. Therefore
∫
⋃
γd
2x0 dγ
|z − p|m+1 <
∫
|x−p|>|Gn−3|−R
2R dx
|x− p|m+1 =
2Rωm−1
|Gn−3| − R
= 2ωm−1η
3−σ
8α − η3−σ <
ωm−1η3−σ
3
= ωm−1η
3−3σ η2σ
3
<
ωm−1
3
η2σ . (3.2.7)
If z ∈ γ ∩ {x0 = |n|2}, then |z − p| > |x− p| > R2 and x0 dγ = |n|2 dx. We have∫
γ∩{x0=|n|2}
2x0 dγ
|z − p|m+1 <
∫
|x−p|> R2
2|n|2 dx
|x− p|m+1 =
2|n|2ωm−1
R/2
= 4ωm−1|n|ησ = 4ωm−1
(
η
2
)n
ησ < 4ωm−1
(
η
2
)4
ησ  η
2σ
10
. (3.2.8)
It remains to add (3.2.5)–(3.2.8), obtaining
784 Y. Movshovich / J. Math. Anal. Appl. 386 (2012) 780–795∫
γ
P dγ <
ωm+1
π
+ Bη 2m+2m+3 with B = mωm+1
2π
+ (2
m − 910 )ωm
(7/8)m+1
+ ωm−1
3
+ 1
10
. (3.2.9)
The theorem of Fubini applied to the
∫
γ u completes the proof of Theorem 1.
IM(u) <
∫
γ
u |dz| = 1
ωm
∫
γ
∫
∂Ω
P (z, p)dμ(p)dγ
= 1
ωm
∫
∂Ω
∫
γ
P (z, p)dγ dμ(p) <
ωm+1
πωm
+ c(m)η 2m+2m+3 . 
Corollary 1 (J.M. Wu). There exist singular continuous boundary measure so that its function u ∈ h1+(Ω) achieves the lower bound of
IM. The Cantor measure on a Cantor set Km with porosity sequence of K , αn → 1, is one such measure.
The lower bound is more diﬃcult to prove. Here one must use the fact that μ is uniformly spread over the Cantor set to
avoid the minimal point mass situation and so obtain the extra term involving 1−α. Two general lemmas will be employed.
4. Variation and partition lemmas
Throughout Ω = R2+ , curves γ are continuous piecewise C1-smooth in a strip Aδ = {(x, y): y < δ} separating boundaries
of Aδ and Γ are connected subarcs of γ .
4.1. Angular and radial variation
In local polar coordinates (r, θ)p of z where θ = π2 − φ1, we deﬁne the total variation of θ on Γ as
Θp(Γ ) =
∫
Γ
|dθ |,
and the variation of r over a curve Γ as
V p(r,Γ ) =max
Γ
r/min
Γ
r.
The Poisson kernel of (2.1.2) becomes
P (z, p) = 2y|z − p|2 =
2 sin θ
r
.
Lemma 1. For any γ
∫
γ
P |dz| =
∫
γ
2 sin θ
√
1+ (r′/r)2 |dθ |
π∫
0
2 sin θ dθ = 4.
Lemma 2. For any smooth curve Γ∫
(r,θ)p∈Γ
|dr/r| ln V p(r,Γ ).
Fact 1. Let k2 + 2k = 1. Then k = √2− 1, k22 > 112 , and for 0< a b
(i)
√
a2 + b2  a+ kb, (ii)
√
a2 + b2  b + ka
2
b
.
Lemma 3 (Variation Lemma). Let p ∈ ∂Ω . Consider a positive function f on Ω and a smooth curve Γ ⊂ Ω with Θp(Γ ) < 1k . Then
one of the following two inequalities holds,
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f |dz|/r 
∫
Γ
f |dθ | + kmin
Γ
f , (4.1.1)
∫
Γ
f |dz|/r >
∫
Γ
f |dθ | + k
2
2
min
Γ
f ln2 V p(r,Γ ). (4.1.2)
Proof. Let s be the arclength parameter of Γ . Let Γ1 = {z ∈ Γ : | 1r drds | < | dθds |}, and Γ2 = {z ∈ Γ : | 1r drds | | dθds |}. We apply Fact 1
to the integrals∫
Γ
f |dz|/r =
∫
Γ1∪Γ2
f
√(
dθ
ds
)2
+
(
1
r
dr
ds
)2
ds,
taking a = | 1r drds |, b = | dθds | in (ii) on Γ1 and b = | 1r drds |, a = | dθds | in (i) on Γ2:∫
Γ
f |dz|/r 
∫
Γ1
f
(
|dθ | + k
∣∣∣∣ dr/dsr dθ/ds
∣∣∣∣
2
|dθ |
)
+
∫
Γ2
f
(
|dθ | + k
∣∣∣∣drr
∣∣∣∣
)

∫
Γ
f |dθ | + kmin
Γ
f
( ∫
Γ1
∣∣∣∣ dr/dsr dθ/ds
∣∣∣∣
2
|dθ | +
∫
Γ2
∣∣∣∣drr
∣∣∣∣
)
.
If
∫
Γ2
| drr | 1 then (4.1.1) holds. Otherwise,∫
Γ2
∣∣∣∣drr
∣∣∣∣>
( ∫
Γ2
∣∣∣∣drr
∣∣∣∣
)2
> k
( ∫
Γ2
∣∣∣∣drr
∣∣∣∣
)2
. (4.1.3)
The Schwarz inequality in the integral over Γ1 and Θ(Γ ) < 1k yield∫
Γ1
∣∣∣∣ dr/dsr dθ/ds
∣∣∣∣
2
|dθ | (
∫
Γ1
| dr/dsr dθ/ds | |dθ |)2∫
Γ1
12 |dθ | > k
( ∫
Γ1
∣∣∣∣drr
∣∣∣∣
)2
. (4.1.4)
Inequality (4.1.2) follows from a2 + b2  (a+b)22 applied to the sum of (4.1.3) and (4.1.4).( ∫
Γ1
∣∣∣∣ dr/dsr dθ/ds
∣∣∣∣
2
|dθ | +
∫
Γ2
∣∣∣∣drr
∣∣∣∣
)
>
k
2
( ∫
Γ
∣∣∣∣drr
∣∣∣∣
)2
 k
2
ln2 V p(r,Γ ). 
Notation. A “cone” at p can be deﬁned by two angles or by two points (see Fig. 3).
conep(λ,β) =
{
(r, θ)p : λ θ  β
}
, or
conep(u,w) =
{
z: argp(u) argp(z) argp(w)
}
. (4.1.5)
If γ separates boundaries of Aδ , any point z0 ∈ γ , called an initial point, divides γ into γ +(z0) where x → ∞, and
γ −(z0) where x → −∞.
Lemma 4. Consider δ ∈ (0, 18 ), a point p ∈ ∂Ω , and λ > 0. For a curve γ ∈ Aδ , let Γ be a connected subarc of γ ∩ {sin θ  sinλ} with
Θp(Γ ) <
1
k . Then∫
γ
P |dz| > 4+ sinλ
6
min
{
ln2 V p(r,Γ ),6k
}
.
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Proof. After splitting the integral
∫
γ P |dz| =
∫
γ \Γ P |dz| +
∫
Γ
P |dz| we apply Lemma 3 to the ∫
Γ
with f = 2sin θ and
k2
2 >
1
12 :∫
γ
P |dz| =
∫
γ
2 sin θ
r
|dz| >
∫
γ \Γ
2 sin θ |dθ | +
∫
Γ
2 sin θ |dθ | + sinλ
6
min
{
ln2 V p(r,Γ ),6k
}
.
We then apply Lemma 1 to
∫
γ 2sin θ |dθ |, obtaining the statement. 
Notation. A set of turns Υp(Γ ) is a union of subarcs of Γ such that on Γ \ Υp(Γ ) (see Fig. 4):
(i) the range of θ is equal to that of Γ ,
(ii) r is a single-valued function of θ .
Here Γ = γ ∩ conep(u, z0). Note that Υp(Γ ) (thick line) is not uniquely deﬁned.
Lemma 5. Let δ, p, λ, γ be as in Lemma 4 with sinλ sinε for some ε > 0. Suppose a connected subarc Γ of γ ∩ conep(ε,π − ε)
with the full range [ε,π − ε] for θ has a set of turns Υ = Υp(Γ ) ⊂ {sin θ  sinλ}. Then∫
γ
P |dz| > 4− ε + 2 sinλΘp(Υ ).
Proof. Recall that the range of θ on Γ \ Υp(Γ ) is that of Γ .∫
γ
P |dz| >
∫
Γ
2 sin θ |dθ | =
∫
Γ \Υp(Γ )
2 sin θ |dθ | +
∫
Υp(Γ )
2 sin θ |dθ |

π−ε∫
ε
2 sin θ |dθ | + 2 sinλ
∫
Υ
|dθ |
= 4cosε + 2 sinλΘp(Υ ). 
Cantor measure on a set of constant porosity locally is concentrated on two neighboring n+1 separated by α|n|.
That keeps (ln r)′ > c(α) above at least one of the two n+1. To obtain c(α) = O (
√
1− α) from Lemma 3 we will use the
following.
4.2. Partition lemma
Let K =⋂∞n=0⋃2nk=1 kn be a subset of ∂Ω constructed by removing open arcs G jn from the middle of  jn at the n-th step
starting with 10 = [0,1]. Let Fkn be a middle segment of Gkn of a ﬁxed proportion |F
k
n |
|Gkn| . Denote by γ
k
n the vertical projections
of Fkn on a curve γ (see Fig. 5).
Lemma 6. Let δ ∈ (0, 12 ) and γ be a continuous curve in Aδ . There exists a ﬁnite collection (γ ) = { j1n1−1, j2n2−1, . . . , jmnm−1} of
mutually disjoint arcs so that their union contains K and for each  jn−1 ∈(γ ),
dist
(
γ
j
n−1, ∂Ω
)
<
|n−1|
. (4.2.1)2
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In addition, either
dist
(
γ
2 j−1
n , ∂Ω
)
 |n|
2
or dist
(
γ
2 j
n , ∂Ω
)
 |n|
2
. (4.2.2)
Proof. Set σ = dist(γ , ∂Ω), so σ ∈ (0, δ). Note that |0| = 1> 2δ.
Since the sequence {|n|} → 0, there exists M such that
|M | 2δ < |M−1|,
and L  M such that
|L | 2σ < |L−1|.
Note that (4.2.1) holds for all n M, because
dist
(
γ
j
n−1, ∂Ω
)
< δ <
|M−1|
2
 |n−1|
2
.
While for all n L
dist
(
γ in, ∂Ω
)
 σ  |L |
2
 |n|
2
.
Now, since (4.2.1) holds for all  jn−1 with n = M , we check for each j whether at least one of 2 j−1M , 2 jM satisﬁes (4.2.2).
If so, the arcs  jM−1 ∈ (γ ). The leftover arcs iM satisfy (4.2.1) with n = M + 1, and we check whether their two subarcs
2i−1M+1, 2iM+1 satisfy (4.2.2) with n = M+1. If so we quit. Otherwise we continue the argument for n = M,M+1,M+2, . . . .
After at most L −M + 1 steps this argument must terminate. The remaining arcs iL−1 satisfy (4.2.1) while their subarcs L
satisfy (4.2.2). thus The collection (γ ) now contains whole K and by the construction, its arcs are mutually disjoint. 
5. Lower estimates for sparse sets
Theorem 2. Let a positive harmonic function u onΩ have Cantor probability boundary measureμ on a Cantor set K ⊂ ∂Ω of porosity
α > 1516 . Then
IM(u) >
2
π
+ 1− α
25000
.
Proof. Let δ < 18 , a curve γ ∈ Aδ , and  jn−1 be an arc from the collection (γ ) of Lemma 6. We will show that there exists
an arc τ from the set of four subarcs {4 j−3n+1 ,4 j−2n+1 ,4 j−1n+1 ,4 jn+1} so that for all t ∈ τ the following estimate holds.∫
γ
P (z, t) |dz| > 4+ 1− α
12 · 81 . (5.1.1)
First we simplify the notation by dropping j in  jn−1, F
j
n−1, γ
j
n−1, G
j
n−1. Objects with the subscript n located to their
left/right are called one/two: 1n , 
2
n , γ
1
n , γ
2
n , etc. Arcs 
4 j−3
n+1 , 
4 j−2
n+1 , 
4 j−1
n+1 , 
4 j
n+1 become 1, 2, 3, 4 and ∂Ω = X .
In Lemma 6 we take |Fn−1| = |n|. The lemma states that (4.2.1) holds for γn−1:
dist(γn−1, X) <
|n−1|
2
. (5.1.2)
In addition, (4.2.2) holds for γ 1n or γ
2
n . Assume it does for the arc on the right, γ
2
n .
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dist
(
γ 2n , X
)
 |n|
2
. (5.1.3)
Recall 1− α = η. Here is a brief summary of 3 cases that will be investigated.
Case 1: maxz∈γ 2n dist(z, X)
|n|√
η
. If (5.1.1) fails for some point t = p ∈ 3, we ﬁnd a subarc Γ ⊂ γ ∩ conep( π6 , π2 ) such
that for any t = q ∈ 4 the variation of |z − q| is large enough to obtain (5.1.1) from Lemma 4.
Case 2: maxz∈γ 2n dist(z, X) >
|n|√
η
and dist(γn−1, X)  |n|. For any t = p ∈ 1 there exists a conep(w,w0) that γ tra-
verses three times. The cone’s angle is large enough to obtain (5.1.1) from Lemma 5.
Case 3: |n| < dist(γn−1, X)  |n−1|2 . In its main subcase (b) for any t = p ∈ 1 we ﬁnd a connected subarc Γ of
γ ∩ conep(λ, π2 ), λ > η2 , on which the variation of |z − p| is large enough to obtain (5.1.1) from Lemma 4.
Case 1:
max
z∈γ 2n
dist(z, X) |n|√
η
. (5.1.4)
If (5.1.1) holds for every t ∈ 3 then that is our τ . Otherwise there exists a point t = p ∈ 3 such that∫
γ
P (z, t) |dz| < 4+ η
12 · 81 . (5.1.5)
We will show that for any t = q ∈ 4 inequality (5.1.5) cannot hold.
Since 3 and 4 are separated by |Gn| = α|n| and both belong to 2n ,
α|n| d = |p − q| |n|. (5.1.6)
Let z = (r, θ)p = (R, φ)q be local polar coordinates of z at p and q (see Fig. 6). The vertical line through midpoint m of pq
separates two regions {r < R} and {r > R}. There exists z0 on that line so that γ +(z0) \ {z0} lies entirely in the half-strip
Aδ ∩ {r > R}. Then r0 = R0, φ0 = π − θ0, and θ0 < π2 . Inequalities (5.1.3) and (5.1.6) result in
tan θ0 = tan  z0pq = |z0 −m|
d/2
>
|n|/2
|n|/2 = 1.
That is
π
4
< θ0 <
π
2
< φ0 <
3π
4
.
The constraints on θ0, φ0 and (5.1.4) impose the constraints on triangle pz0m:
d
r0
= 2cos θ0 <
√
2, r0 = |z0 −m|
sin θ0

√
2|n|√
η
and d α|n|,
that are compactly written as follows.
1√
2
<
r0
d

√
2
α
√
η
. (5.1.7)
As z moves along γ +(z0), its polar angle eventually decreases to zero. Let ze be the ﬁrst point having θ = π6 and Γ ⊂ γ +(z0)
the arc that connects z0 with ze . Then on Γ
θe = π < θ < φ < 5π , (5.1.8)
6 6
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Γ ⊂ conep
(
π
6
, θ0
)
∩ Aδ ∩ {r > R}.
Let t = q or p. If Θt  1k then there exists a set of turns Υ = Υt(Γ ) with Θt(Υ ) > 1k − 4π6 > 0.3. Lemma 5 applied to Γ
with sinλ 12 and ε  η yields∫
γ
P (z, t) |dz| > 4− ε + 1
2
0.3> 4+ η.
That is (5.1.1) holds here for t = q (t = p because of (5.1.5)).
If Θt < 1k , the assumption that (5.1.5) holds for both t = p and t = q leads to a contradiction. To obtain this contradiction
let a pair (t, s) = (p, r) or (q, R). Lemma 4 with sinλ 12 and the assumption would imply for either pair
4+ η
12 · 81 >
∫
γ
P (z, t) |dz| > 4+ 1
12
ln2 Vt(s),
which means that
Vt(s) < e
√
η
81 < 1+ 36
35
√
η
81
= 1+ σ , where σ = 4
√
η
35
.
These inequalities bound radial variations as follows.
r0(1− σ) < re < r0(1+ σ), (5.1.9)
r0(1− σ) < Re < r0(1+ σ). (5.1.10)
The Law of Cosines in pzeq and (5.1.9) imply
R2e = r2e + d2 −
√
3dre < r
2
0(1+ σ)2 + d2 −
√
3dr0(1− σ).
We will show for the last expression, contrary to the left inequality of (5.1.10), that
r20(1+ σ)2 + d2 −
√
3dr0(1− σ) < r20(1− σ)2.
Indeed, the inequality in the above display is equivalent to
4σ
r0
d
+ d
r0
<
√
3(1− σ). (5.1.11)
For r0d <
3
2 we use the left inequality of (5.1.7),
d
r0

√
2, and σ < 135 .
4σ
r0
d
+ d
r0
< 6σ + √2< 1.59< 1.68 σ<1/35< √3(1− σ).
For r0d 
3
2 , we use the right side of (5.1.7),
r0
d 
√
2
α
√
η
, α > 1516 and σ = 4
√
η
35 obtaining
4σ
r0
d
+ d
r0
<
4σ
√
2
α
√
η
16 · 16√2
35 · 15 +
2
3
< 1.36< 1.68<
√
3(1− σ).
So (5.1.11) contradicts (5.1.10) and thus the assumption that (5.1.5) can hold for both points p ∈ 3 and q ∈ 4. We take
τ = 4 to complete the proof of Case 1.
In the remaining two cases [e, f ] = Fn−1 and a, c,b are the centers of F 1n , Fn−1, F 2n . Also a′, e′, c′, f ′,b′ are projections of
a, e, c, f ,b on the line y = |n| (Figs. 7, 8).
Case 2:
max
z∈γ 2n
dist(z, X) >
|n|√
η
, and γ ∩ebb′e′ = ∅.
Let w = (x, y) ∈ γ 2n so that y > |n |√η . Fix w0 = (x0, y0) ∈ γ ∩ebb′e′ . Then
|w − x| > |n|√
η
, |w0 − x0| |n|. (5.1.12)
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For q ∈ 4 relations (2.1.3) imply
|q − x| < |n|
2
+ |n+1|
2
= |n|
2
(
1+ η
2
)
and
|q − b| > |n|
2
− |n+1| = |n|
2
α.
Thus
tan  xqw = |x− w||x− q| >
2√
η(1+ η2 )
= 8 · 32/33> tan82◦ and
tan  w0qx0 < tan  b′qb = |n||q − b| <
2
α
<
32
15
< tan65◦,
making the opening of coneq(w0,w) ﬁnitely large.
For p ∈ 1, relations (2.1.3) imply
|p − x| < |n−1| = 2|n|
η
and |p − c| > 1
2
|Gn−1| = α|n|
η
.
This with (5.1.12) estimates the following angles:
tanβ = tan  wpx = |w − x||p − x| >
|n|/√η
2|n|/η =
√
η
2
and (5.1.13)
tan  w0px < tan  c′pc = |n||p − c| <
|n|
α|n|/η =
η
α
<
4
5
√
η
5
. (5.1.14)
We used the fact that  w0px< 45β , because β > sinβ >
√
η√
4+η >
√
η
5 .
Now, the interiors of conep(w0,w) and coneq(w,w0) separate w and w0. Since γ stretches indeﬁnitely in both di-
rections, it traverses three times one of these cones, say, conep(w,w0) whose opening is smaller. Fix ε  η80 . Let Γ be a
connected subarc of g ∩ conep(ε,π − ε) such that the range of θ on Γ equals [ε,π − ε].
Total variation Θp(Υ ) > 15β >
√
η
125 on Υ = Υp(Γ ) ∩ 15 conep(w,w0). Lemma 5, where λ = 45β and sinλ > 25 sinβ ,
completes the proof of Case 2 with τ = 1.∫
γ
P (z, p) |dz| > 4− ε + 2 sinλΘp(Υ ) > 4− ε + 2 · 2
√
η
125
√
η
125
> 4+ η
50
.
Case 3, where for any w0 = (x0, y0) ∈ γn−1:
|w − x| > |n|√
η
, γ ∩ebb′e′ = ∅, |w0 − x0| 1
2
|n−1|. (5.1.15)
Note that x0 ∈ [e, f ] whose center is c, and |e − f | = |n|. Thus for p ∈ 1,
|n−1|
2
− 3|n|
2
 |p − x0| |n−1|
2
+ |n|
2
and
|Gn|
2
 |p − a| |n|
2
. (5.1.16)
For ε  η small enough, the projection of [p,b] on γ lies in the conep(ε,π − ε). The curves γ −(w0) and γ +(w0) emanat-
ing from w0 eventually exit the square abB A of side |a− b| = |n−1| − |n| = 1+α2 |n−1| = 1+αη |n|.
Subcase (a). Both γ −(w0) and γ +(w0) exit through a side, say, aA. Then
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tan  Apa = |A − a||p − a| >
(1+ α)|n|/η
|n|/2 =
2(1+ α)
η
> tan88◦,
tan  Apw0 = |w0 − x0||p − x0| <
|n−1|/2
|n−1|/2− 3|n|/2 =
2
2− 3η < tan48
◦,
resulting in a ﬁnitely large opening for the conep(w0, A) that is traversed 3 times. Lemma 5 with a large set of turns Υ
completes the proof of subcase (a).
Subcase (b). Here it is assumed that γ +(w0) exits abB A through the top or side bB at we . Note that γ +(w0) ∩ebb′e′ = ∅. Let Γ be a maximal connected subarc of γ + from some z0 to we so that the intersection of Γ with the
interior of abb′b′ is empty. Then for any z ∈ Γ
sin argp z
|n|
|p − b′| >
|n|
|n−1| =
|n|
2|n|/η >
η
2
.
That means Γ ⊂ conep(λ, π2 ) for λ = arcsin η2 . If Θp(Γ ) 1k , the arc Γ has a set of turns Υp(Γ ) = Υ with Θp(Υ ) 1k − π2 .
Lemma 5 with ε  η gives us (5.1.1)∫
γ
P (z, p) |dz| > 4− ε + 2η
2
(
1
k
− π
2
)
> 4+ 0.8η.
If Θp(Γ ) < 1k , we estimate the radial variation r = |z − p| using (5.1.15), (5.1.16) and η < 116 (see Fig. 8b).
min
Γ
r  |p − z0| |p − w0| =
√
|w0 − x0|2 + |p − x0|2 < |n−1|
2
√
1+
(
1+ η
2
)2
,
max
Γ
r > |p − b| |n−1| − |n|
2
− |n+1| = |n−1|
(
1− η
4
− η
2
4
)
,
max
Γ
r/min
Γ
r >
2(1− η4 − η
2
4 )√
1+ (1+ η2 )2
> 1.369.
Now Lemma 4 with sinλ > η/2 completes the proof of Case 3 with τ = 1.∫
γ
P (z, p) |dz| > 4+ η/2
6
ln2(1.369) > 4+ η
125
.
Finally, Lemma 1 implies that
∫
γ P (p, z) |dz|  4 for any p ∈ K . At the same time there is a set Kτ ⊂ K with μ(Kτ ) = 14
such that
∫
γ P (z, p) |dz| > 4+ 1−α972 for all p ∈ Kτ . The theorem of Fubini ﬁnishes the proof of Theorem 2.
2π
∫
γ
u |dz| =
∫
γ
∫
∂Ω
P (z, p)dμ(p) |dz| =
∫
K
∫
γ
P (z, p) |dz|dμ(p)
=
∫
Kτ
∫
γ
P (z, p) |dz|dμ(p) +
∫
K\Kτ
∫
γ
P (z, p) |dz|dμ(p)
>
(
4+ 1− α
)
1 + 43 > 4+ 1− α . 972 4 4 3888
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Remark. For α > 149150 , constant 972 can be reduced to 103 (best within the method of Case 3).
6. Lower bound for sets of constant porosity
Theorem 3. Let a positive harmonic function u on Ω have Cantor probability boundary measure μ on a Cantor set K of porosity α.
Then
IM(u) >
2
π
+ c(α).
Proof. For α > 1516 , we take c(α) = 1−α25000 . In what follows α  1516 . Let  jn−1 be an arc from the collection (γ ) of Lemma 6.
In that lemma we had quarter instead of half-distances and reduced Fkn to midpoints of G
k
n . Let a = F 1n , c = Fn−1, b = F 2n
and w,C, z be their closest vertical projections on γ . The lemma states that
|C − c| < |n−1|
4
and |w − a| |n|
4
. (6.1.1)
In Fig. 9, one ﬁnds eight subarcs k of size |n+2| and a narrow rectangle abb′a′ of height bb′ = |n|650 along the bottom
of abB A with side |a− b| = 1+α2 |n−1|.
We will show that there exists an arc τ from the set {1, . . . ,8} so that for t ∈ τ ,∫
γ
P (z, t) |dz| > 4+ η
7800
ln2
4√
13
. (6.1.2)
Case I (Fig. 9a). ∅ = γ ∩abb′a′  w0.
Let q ∈ 8 and β =  aqw . Then (6.1.1) and (2.1.3), in a similar to (5.1.13) way, implies
tanβ >
|w − a|
|q − a| 
|n|/4
|n−1| =
η
8
. (6.1.3)
Though (6.1.3) would not give correct asymptotic behavior for IM in Theorem 2, here, with η  116 , it gives β >
η√
64+η2 >
η√
65
. Since |q − b| |n |2 − |n+2| > |n|4 ,
tan  bqb′  |n|/650|n|/4 =
4
650
<
4
5
1
16√
65
<
4
5
η√
65
.
Next we argue as in the conclusion of Case 2 of Theorem 2 from (5.1.14) on. Observe that for p ∈ 1 the opening of
conep(w,w0) is ﬁnitely large (Fig. 9a). Taking
Υ = Υq(Γ ) ∩ 1
5
coneq(w,w0) results in Θq(Υ ) >
1
5
β >
η√
65
.
Lemma 5, where λ = 45β and sinλ > 25 sinβ , yields (6.1.2) with τ = 8 or 1.∫
γ
P (z,q) |dz| > 4− ε + 2 sinλΘq(Υ ) > 4− ε + 2 · 2η
2
65
> 4+ 1
3000
.
Case II (Fig. 9b). γ ∩abb′a′ = ∅.
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Let p ∈ τ and d = α + α2η. Once again (2.1.3) is used in estimating distance
|p − c| |a − b|
2
+ |Gn|
2
+ |n+2| = |n−1|
4
[
1+ α + αη + η
3
2
]
= |n−1|
8
[3+ d].
Combined with |p − C |2 = |p − c|2 + |c − C |2 and (6.1.1), these bound radial variations:
min
Γ
r  |p − C | |n−1|
√
(3+ d)2
82
+ 1
42
= |n−1|
8
√
13+ 6d + d2 and
max
Γ
r  |p − b| |a− b| + |Gn|
2
= |n−1|
2
[
1+ α + αη
2
]
.
One can check that (1+ α + αη2 )2 > 1+ 6d+d
2
13 , thus
max
Γ
r/min
Γ
r 
4[1+ α + αη2 ]√
13
√
1+ 6d+d213
>
4√
13
.
Inequality (6.1.2) now follows from Lemma 4 applied to Γ with sinλ > η1300 .
As in Theorem 2, the theorem of Fubini, Lemma 1 and (6.1.2) ﬁnish the proof here.
2π
∫
γ
u |dz| >
(
4+ 1− α
7800
ln2
4√
13
)
1
8
+ 47
8
= 4+ 2πc(α). 
7. Upper bounds for sets of constant porosity, dense sets
When the porosity is small, there may not be suﬃcient space for a surface to go around sets with measure. For example,
when the porosity sequence αn tends to 0 fast enough, the level surfaces minimize the integrals in (1.1.1) If the porosity
sequence is constant, the integrals of u are smaller over a surface that consists of pieces of two level surfaces connected via
vertical walls as in Fig. 10.
Theorem 4. Let a positive harmonic function u be deﬁned on R2+ by the Cantor boundary measure μ on a Cantor set K of porosity α.
Then
IM(u) <
{
1− 11040π if α  13 ,
1− α520π if α < 13 .
Proof. Fix δ and n so that |n| < δ < 1. Consider a union of arcs E =⋃2nk=1 Ek where each Ek lies on kn sharing its right
endpoint and has μ(Ek) = χμ(kn), χ  1. Let
N = 5, χ =min
{
2α
1− α ,1
}
, σ = χ |n|
3N
, ε  Nσ
2Nσ/4
52(|n| + Nσ)2 .
Constant N in general is N(m). Constant σ is chosen so that Nσ = |Gn−1|3 if α < 13 .
Let a curve γ have arcs of length |n|+2Nσ symmetrically placed on y = σ above kn and arcs lying on y = ε between
those. The arcs of two levels are connected by walls x= ak and x = bk . We will show that∫
γ
P (z, p) |dz| <
{
2π for p ∈ K ,
2π − 1520 for p ∈ E.
First we estimate the size of Ek when χ < 1. Observe that n+l+1 ⊂ Ek ⊂ n+l for some l 0. Hence μ(Ek) = χμ(n) =
χ
2n μ(n+l+1) = 12n+l+1 yields
|Ek| |n+l| = (1− α)
l
2l
|n| < 2χ |n| = 6Nσ .
The distance from a point p ∈ E j to the wall x= a j can be now estimated as well.
Nσ  a j − p < 7Nσ . (7.1.1)
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Let p be any point of  jn . The integrals of P over a pair of walls x = ak,bk are less than twice the integral over a closer
wall, say, x= ak .
∫
γ∩{x=ak,bk}
P |dz| < 2
∫
γ∩{x=ak}
P |dz| =
σ∫
ε
4y dy
(ak − p)2 + y2 <
2σ 2
(ak − p)2 . (7.1.2)
Consider the union of arcs
⋃
Ik = {y = σ } \ γ . Then |Ik| Nσ and
∫
Ik
P |dz| =
∫
z∈Ik
2σ dx
(x− p)2 + σ 2 >
2σ
1+ 1
N2
ak+Nσ∫
ak
dx
(x− p)2 =
2σNσ/(1+ 1
N2
)
(ak − p)(ak + Nσ − p) .
Since N = 5 and Nσ  |a j − p| |ak − p|, the above integral is relatively large,∫
Ik
P (z, p) |dz| > 25Nσ
2
26(ak − p)2 >
2σ 2
(ak − p)2 . (7.1.3)
In particular, for any p ∈  jn and all k,∫
Ik
P (z, p) |dz| (7.1.2)>
∫
γ∩{x=ak,bk}
P (z, p) |dz|. (7.1.4)
For k = j the half of the bound in (7.1.3) is split:
25Nσ 2
52(a j − p)2 =
24Nσ 2
52(a j − p)2 +
Nσ 2
52(a j − p)2 .
The ﬁrst term is still larger than the bound 2σ
2
(a j−p)2 in (7.1.2) when k = j. With |a j − p| |n|+Nσ , the second term bounds
the integrals of P over γ ∩ {y = ε}:∫
γ∩{y=ε}
P (p, z) |dz| <
∫
|x−p|Nσ
2ε dx
(x− p)2 =
4ε
Nσ
 Nσ
2
52(|n| + Nσ)2 .
Now for any ﬁxed p ∈  jn the inequality (7.1.3) holds for all k. Speciﬁcally, for k = j,
1
2
∫
I j
P (z, p) |dz| >
∫
γ∩{x=a j ,b j}
P (z, p) |dz| +
∫
γ∩{y=ε}
P (z, p) |dz|. (7.1.5)
If p is not just in  jn but in E j then (7.1.1) gives α j − p < 7Nσ , which, substituted in (7.1.3), yields the main estimate:
1
2
∫
I j
P (z, p) |dz| > 25Nσ
2
52(a j − p)2 >
25Nσ 2
52 · 72N2σ 2 =
5
52 · 49 >
1
520
. (7.1.6)
Since
∫
level surface P = ωm and (γ ∩ {y = σ }) ∪ (
⋃
Ik) ⊂ {y = σ }, we have∫
γ∩{y=σ }
P |dz| +
∑
k
∫
I
P |dz| <
∫
{y=σ }
P |dz| = ω1 = 2π.k
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γ
P =
∫
γ∩{y=ε}
P +
∫
γ∩{y=σ }
P +
∑
k
∫
Ik
P −
∑
k
(∫
Ik
P −
∫
γ∩{x=ak,bk}
P
)
.
This, along with (7.1.4), gives us the ﬁnal inequality required for p ∈  jn .∫
γ
P (p, z) |dz| < 2π − 1
2
∫
I j
P |dz| −
(
1
2
∫
I j
P |dz| −
∫
γ∩{x=a j ,b j}
P |dz| −
∫
γ∩{y=ε}
P |dz|
)
.
Using (7.1.5) in the above display and (7.1.6) one obtains∫
γ
P (z, p) |dz| <
{
2π for p ∈  jn,
2π − 1520 for p ∈ E j .
(7.1.7)
The theorem of Fubini, (7.1.7), μ(E) = χ , and μ(K ) = 1 complete the proof of Theorem 4.∫
γ
u |dz| = 1
2π
∫
γ
∫
∂Ω
P (z, p)dμ(p) |dz| = 1
2π
∫
K
∫
γ
P (z, p) |dz|dμ(p)
= 1
2π
∫
E
∫
γ
P (z, p) |dz|dμ(p) + 1
2π
∫
K\E
∫
γ
P (z, p) |dz|dμ(p)
<
1
2π
(
2π − 1
520
)
μ(E) + 2π
2π
μ(K \ E) =
(
1− χ
520π
)
μ(K ) = 1− χ
520π
. 
Theorem 5. Let u ∈ h1+(Rm+1+ ) be given by the Cantor boundary measure on Km, where K has porosity α. There exist constants
b(m) > 1
70m+1 , 0< τ(m)m so that IM(u) < 1− bατ .
The proof, similar to that of Theorem 4, will be omitted.
8. Open questions
We conjecture that Theorems 2 and 3 have generalizations to higher dimensions.
Conjecture 1. For the function u of Theorem 1 there exists a constant c1(m) so that IM(u) >
ωm+1
πωm
+ c1(1− α) 2m+2m+3 .
The asymptotic behavior of IM for α near 0 remains unknown.
Conjecture 2. For the function u of Theorem 5 there exist positive constants B(m), h(m) so that IM(u) > 1− Bαh.
If conﬁrmed, Conjecture 2 would answer aﬃrmatively a long standing question:
Is there a singular continuous measure yielding the upper bound of IM?
Acknowledgments
We are grateful for helpful and productive conversations with many of our colleagues, including Peter Andrews, Ramachandran Bharath, Charles Delman,
James Glazebrook and Evgeny Gordon.
References
[1] S. Axler, P. Bourdon, W. Ramey, Harmonic Function Theory, Springer-Verlag, New York, 1992.
[2] P.L. Duren, Theory of Hp Spaces, Academic Press, New York, 1970.
[3] M. Heins, Selected Topics in the Classical Theory of Functions of a Complex Variable, Holt, Rinehart and Winston, New York, 1962.
[4] Y. Movshovich, Surface integrals and harmonic functions, J. Inequal. Appl. 4 (2005) 443–448.
[5] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Princeton, NJ, 1970.
[6] E.M. Stein, G.L. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, Princeton, NJ, 1971.
[7] J.M. Wu, An integral problem for positive harmonic functions, Dissertation, University of Illinois, 1974.
